Let A be a unital separable simple amenable C * -algebra with finite tracial rank which satisfies the Universal Coefficient Theorem (UCT). Suppose α and β are two automorphisms with the Rokhlin property that induce the same action on the K-theoretical data of A. We show that α and β are strongly cocycle conjugate and uniformly approximately conjugate, that is, there exists a sequence of unitaries {u n } ⊂ A and a sequence of strongly asymptotically inner automorphisms σ n such that
Introduction
Let A be a unital separable simple C * -algebra and let Aut(A) be the automorphism group of A. Kishimoto ([6] and [4] ) studied those automorphisms with the Rokhlin property (see definition 2.1 below). Suppose α, β ∈ Aut(A) have the Rokhlin property and are asymptotically unitarily equivalent. Kishimoto showed, under the assumption that A is a unital simple AT-algebra of real rank zero, α and β are cocycle conjugate, i.e., there exists a unitary u ∈ A and σ ∈ Aut(A) such that
(e 1.1)
Kishimoto also showed that automorphisms with the Rokhlin property are abundant. Kishimoto's work actually revealed much more. Matui ([16] ) found out, using a homotopy lemma, that the above-mentioned cocycle conjugate result of Kishimoto holds for all unital separable amenable C * -algebras with tracial rank zero satisfies the Universal Coefficient Theorem (UCT). Furthermore, combining Kishimoto's argument with the condition of Z-stability, Sato recently proved that, given any α ∈ Aut(A), where A is a unital separable simple C * -algebra with tracial rank zero, there is β ∈ Aut(A) with the Rokhlin property such that α and β are asymptotically unitarily equivalent. This further shows that automorphisms with the Rokhlin property are abundant. We will also mention that Kishimoto's result also holds for the case that A is a purely infinite simple C * -algebra (see [18] ). We are lead to consider the following questions that this paper attempts to answer: 1) Could Kishimoto's result work for more general stably finite simple C * -algebras? 2) Is it possible to remove the unitary u in (e 1.1)? Or, is it possible to obtain an approximate conjugacy result? 3) Is there a KK-theoretical description of cocycle conjugacy (or approximate conjugacy)?
To answer the first question, we will consider the case that A is a unital separable amenable simple C * -algebra with tracial rank at most one. We further assume that A satisfies the UCT.
These C * -algebras include all unital simple AT-algebras, as well as algebras that may not have real rank zero. By a classification result, these C * -algebras are precisely those unital simple AHalgebras with slow dimension growth. Kishimoto's argument works very well in the case that A has real rank zero. However, there is a significant technical problem in generalising Kishimoto's method to the C * -algebras with infinite exponential length, which is the case for general unital simple AH-algebra with slow dimension growth. Kishimoto's method relies on something called the Basic Homotopy Lemma ( [2] ) which has a controlled length of the homotopy. The control of the length is essential in the argument and plays a very important role. The Basic Homotopy Lemma has been extended into a much more general situation (see [10] and [11] ) which implies the case when the C * -algebras are allowed to have tracial rank one instead of zero. However, for that extension, one loses control of the length of the homotopy. This cannot be improved since the exponential length is infinite in unital simple AH-algebras whenever it has real rank other than zero. Nevertheless it has been demonstrated that it is possible to control the exponential length of some special unitaries, namely those unitaries which are not only in the path-connected component of the identity but are also in the closure of the commutator subgroup. In this paper, we first present a very special homotopy lemma for some special unitaries which are in the closure of the commutator subgroup. By proving an existence type of result, we will show that the special homotopy lemma mentioned above would be sufficient if one is willing to pay the toll for a narrow passage into Kishimoto's method. We will prove that Kishimoto's conjugacy theorem holds for unital separable amenable simple C * -algebras satisfying the UCT.
For the second question, upon examining Kishimoto's proof, one realizes that, when α and β are asymptotically unitarily equivalent and satisfy the Rokhlin property, α and β are cocycle conjugate in a stronger sense: one can choose σ to be strongly asymptotically inner. Furthermore, by examining his proof further, one notices that Kishimoto's argument provided a way to remove u, or at least make u as close to the identity as possible, so that a conclusion of being approximately conjugate is possible, if certain obstacles disappeared. We identify the obstacle as the quotient group K 1 (A)/H 1 (K 0 (A), K 1 (A)) (see 2.9 below). When H 1 (K 0 (A), K 1 (A)) = K 1 (A), α and β are (strongly) asymptotically uniatrily equivalent and satisfy the Rokhlin property implies that α and β are not only cocycle conjugate in the strong sense but are also approximately conjugate uniformly. This is our answer to the second question (see 7.4) .
Since Kishimoto was primarily concerned with approximately inner automorphisms at the time, he did not provide K-theoretical description of cocycle conjugacy. It should be noted that his cocycle conjugacy is not equivalent to asymptotic unitary equivalence even in the class of automorphisms with the Rokhlin property. However, strong cocycle conjugacy is equivalent to asymptotic unitary equivalence which, by recent developments in Elliott's classification program, can be characterized by K-theoretical data (7.3). In the case that K 1 (A) = H 1 (K 0 (A), K 1 (A)), this also gives a K-theoretical description of strong cocycle conjugacy and uniformly approximate conjugacy (see 7.9). To have a better K-theoretical description of cocycle conjugacy for automorphisms with the Rokhlin property, we impose some mild restriction (for example, we assume that K 1 (A)/Tor(K 1 (A)) is free). We then introduce a K-theory related group on invariant sets. We show, under the restriction, α and β are cocycle conjugate if and only if their K-theoretical invariantK(α) andK(β) are conjugate (see 7.12) .
Briefly, this paper is organized as follows. The next section is a list of definitions and notations that will be used in this paper. In section 3 we present a version of the homotopy lemma which controls the length of the path. Section 4 uses results section 3 to present a proof of Kishimoto's conjugacy theorem for unital separable amenable simple C * -algebras with tracial rank at most one which satisfy the UCT. Section 5 serves as a preparation for the proof of section 6. In section 6, using results in section 5 and Sato's refinement of Kishimoto's argument, we show that, given any automorphism α on a unital separable amenable simple C * -algebra A satisfying the UCT, there exists an automorphismα on A which has the Rokhlin property and which is strongly asymptotically unitarily equivalent to α. This result is also used in the section that follows. Section 7, the last section, contains the conclusion of the paper. We give the K-theoretical description of (strong) cocycle conjugacy and uniformly approximate conjugacy for automorphisms with the Rokhlin property on A mentioned above.
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Preliminaries
Definition 2.1. Let A be a unital C * -algebra. Denote by Aut(A) the group of automorphisms of A. Let α ∈ Aut(A). Following Kishimoto (Definition 4.1 of [6] ), we say that α has the Rokhlin property if for any integer k ∈ N, any ǫ > 0 and any finite subset F ⊂ A, there exists a family of projections {e 1,0 , e 1,1 , ..., e 1,k−1 , e 2,0 , e 2,1 , ..., e 2,k } in A such that As pointed out by Kishimoto, one has α(e 1,k−1 + e 2,k ) − (e 1,0 + e 2,0 ) < (2k − 1)ǫ. (e 2.5)
The set of those elements in Aut(A) with the Rokhlin property will be denoted by Aut R (A).
Definition 2.2. We say α and β are asymptotically unitarily equivalent, if there exists a continuous path of unitaries {u(t) : t ∈ [0, ∞)} ⊂ A such that α(x) = lim t→∞ u(t) * β(x)u(t) for all x ∈ A.
(e 2.6)
We say that α and β are strongly asymptotically unitarily equivalent if, in addition, u(1) = 1 A in (e 2.6). We say that α is (strongly) asymptotically inner if α is (strongly) asymptotically unitarily equivalent to id A . Definition 2.3. Let α and β be two automorphisms on A. Automorphisms α and β are cocycle conjugate if there exists an automorphism σ ∈ Aut(A) and a unitary u ∈ A such that
Cocycle conjugacy is an equivalent relation. Denote by Aut R (A)/ ∼ cc the cocycle conjugate classes of automorphisms in Aut R (A). We say α and β are strongly cocycle conjugate if they are cocycle conjugate with σ being strongly asymptotically inner. Denote by Aut R (A)/ ∼ scc the strongly cocycle conjugacy classes of automorphisms in Aut R (A).
Definition 2.4. Two automorphisms α, β ∈ Aut(A) are said to be cocycle conjugate and uniformly approximately conjugate if there exists a sequence of a unitaries u n ∈ U (A) and a sequence of automorphisms σ n ∈ Aut(A) such that
(e 2.7)
Note, in this case,
Two automorphisms α, β ∈ Aut(A) are said be strongly cocycle conjugate and uniformly approximately conjugate if there exists a sequence of unitaries u n ∈ U (A) and a sequence of strongly asymptotically inner automorphisms σ n ∈ Aut(A) such that
(e 2.9)
Denote by Aut R (A)/ ∼ aucc the cocycle conjugate and uniformly approximately conjugate classes of automorphisms in Aut R (A), and denote by Aut R (A)/ ∼ saucc the strongly cocycle conjugate and uniformly approximately conjugate classes of automorphisms.
Definition 2.5. Let A be a unital C * -algebra. Denote by T (A) the tracial state space of A.
Denote by U (A) the unitary group and U 0 (A) the normal subgroup of U (A) which consists of those unitaries in the path connected component containing the identity. Denote by DU (A) the commutator subgroup of U (A) and by CU (A) the closure of DU (A). Let u ∈ U 0 (A) and choose a piece-wise smooth and continuous path {u(t) : t ∈ [0, 1]} of unitaries in A with u(0) = u and
the de la Harpe and Skandalis determinant. We use ∆ :
for the induced isomorphism. We will use ∆ :
for the induced isomorphism. Note that, when A has stable rank one, ∆ and ∆ are isomorphisms. In this case, K. Thomsen provided the following splitting short exact sequence:
where
is the quotient map and s 1 is a fixed splitting homomorphism. Please note that π 1 and s 1 will be used later.
Definition 2.6. Let A be a unital C * -algebra and let A 1 be the unit ball of A. Denote by A q the image of A s.a. of the map given by a →â, whereâ(τ ) = τ (a) for all τ ∈ T (A) and for all a ∈ A s.a. . Denote by A q,1 the image of A 1 in A q and by A q,1
Definition 2.7. Let a ∈ A be an element such that a * a − 1 < 1/8 and aa * − 1 < 1/8. Then a(a * a) −1/2 is a unitary in A. Set a = a(a * a) −1/2 . Note that u − a < 1. Moreover, a − a is small if a * a − 1 is small (which does not depend on A or a). We will use this notation through the paper. Definition 2.8. Throughout this paper Z is the Jiang-Su algebra which is a unital projectionless simple ASH-algebra with a unique tracial state ( [3] ). Z is a strongly self-absorbing algebra. So
By identifying n∈Z Z with Z, we view σ 0 is an automorphism on Z.
We then write Z = n∈N Z and denote by σ the ⊗ n∈N σ 0 . It is a strongly asymptotically inner automorphism.
Definition 2.9. Let A be a unital C * -algebra. Recall that
Homotopy Lemmas with controlling of length
This section contains some refinement of homotopy lemmas in [15] .
Lemma 3.1. Let C = P M r (C(X))P for some compact metrizable space X, and let ▽ : (0, 1) → (0, 1) be a non-decreasing function and η > 0 such that
and for any open ball O a of X with radius a > η
be finite subsets, and let ǫ > 0. Then there are δ > 0 and a finite subset G ⊆ C such that for any C*-algebra A which is tracially approximately divisible, any homomorphism ϕ : C → A, any unitary u ∈ A with
there exist unitaries w 1 , w 2 ∈ A, a path of unitaries {w(t); t ∈ [0, 1]} ⊂ A with w(0) = 1 and w(1) = w 1 w 2 w * 1 w * 2 =: w, and a completely positive
(e 3.11)
[w(t), u] < ǫ, [w(t), ϕ(a)] < ǫ, for all a ∈ F, and t ∈ [0, 1], (e 3.12)
and for any open ball B a of X × T with radius a > 3 √ 2η. Moreover,
(e 3.16)
Furthermore, one may require that w(t) ∈ CU (A) for all t ∈ [0, 1] but with
Proof. This lemma is the same statement as that of Lemma 3.7 of [15] except the last part beginning with "Furthermore". So the proof is exactly the same but we need to justify (e 3.16) (as well as (e 3.17)above. Note that in the proof of Lemma 3.7 of [15] ,
Moreover, w ′ (t) ∈ B for all t ∈ [0, 1] and B ∼ = M k for some integer k ≥ 1. Therefore the length of {w ′ (t)} could be made no more than π. Since w(t) = (1 − p) + w ′ (t), as in the proof of Lemma 3.7 of [15] , the length of {w(t)} could be controlled by π. Note that w(1) = w ∈ CU (B). We may write w = exp(ih) with h ∈ B, h ≤ 2π and τ (h) = 0 for all τ ∈ T (B). One then can choose w
Theorem 3.2. Let C = C(X) with X a compact metric space and let ▽ : (0, 1) → (0, 1) be a non-decreasing map. For any ǫ > 0 and any finite subset F ⊆ C, there exists δ > 0, η > 0, γ > 0, a finite subsets G ⊆ C, P ⊆ K(C), a finite subset Q = {x 1 , x 2 , ..., x m } ⊂ K 0 (C) which generates a free subgroup and
, where p i , q i ∈ M n (C) (for some integer n ≥ 1) are projections, satisfying the following:
Suppose that A is a unital simple C*-algebra with T R(A) ≤ 1, ϕ : C → A is a unital homomorphism and u ∈ A is a unitary, and suppose that
where O a is any open ball in X with radius η ≤ a < 1 and µ τ •ϕ is the Borel probability measure defined by τ • ϕ, and, for each
Then there is a continuous path of unitaries {u(t) :
for any c ∈ F and for any t ∈ [0, 1]. Moreover,
One can also require that
with cel({u(t)}) ≤ 4π + ǫ.
Proof. Note that, by Lemma 3.1 of this paper, in the proof of Theorem 3.9 of [15] , the length of {w ′ (t)} is at most π. Thus the length of {w(t) : t ∈ [1/2, 1]} in the proof of 3.9 of [15] is at most π and the length of {w(t) : t ∈ [0, 1/4]} in the proof of Theorem 3.9 of [15] is at most π. We also note that the length of {w(t) : t ∈ [1/4, 1/2]} is no more than 2 arcsin(ǫ 0 /2).
Note that, at the beginning of the proof of Theorem 3.9 of [15] , we assume ǫ 0 < ǫ/2. This will imply that 2 arcsin(ǫ 0 /2) < ǫ for 0 < ǫ 0 < π/4. But we certainly can choose ǫ 0 so that 2 arcsin(ǫ 0 /2) < ǫ at the proof of 3.9 of [15] . So the total length of {w(t) : t ∈ [0, 1]} is at most 2π + ǫ (for any given ǫ). Note that, in the proof of Theorem 3.9 of [15] , as in the proof of Lemma 3.1, {w ′ (t)} can be chosen to be in CU (A) with length at most 2π. Thus w(t) ∈ CU (A) for all t ∈ [1/2, 1] and w(t) ∈ CU (A) for t ∈ [0, 1/4]. However, the length of {w(t) : t ∈ [1/2, 1]} and the length of {w(t) : t ∈ [0, 1/4]} will be both bounded by 2π. It follows from this and the above estimates that (e 3.19) and (e 3.20) hold. Definition 3.3. Let X be a compact metric space and P ∈ M r (C(X)) be a projection, where r ≥ 1 is an integer. Put C = P M r (C(X))P and suppose τ ∈ T (C). It is known that there exists a probability measure µ τ on X such that
where t x is the normalized trace on P (x)M r P (x) for all x ∈ X. Remark 3.4. Regard C(X) as the center of C = P M r (C(X))P , and denote by ι : C(X) → C the embedding. Then the measure µ τ is in fact induced by the trace τ • ι on C(X).
Corollary 3.5. Let C = P M r (C(X))P, where X is a compact subset of a finite CW complex, r ≥ 1 is an integer and P ∈ M r (C(X)) is a projection. Then Theorem 3.2 holds for C using the measure µ τ as in 3.3. Proof. We will use 3.2 and the proof of Theorem 3.10 in [15] .
The following is an easy fact. 
for all τ ∈ T (A) and for all r ≥ η.
The next is a restatement of 3.5 using 3.6.
Corollary 3.7. Let X be a compact subset of a finite CW complex and let C = P M r (C(X))P, where r ≥ 1 is an integer and P ∈ M r (C(X)) is a projection. Let ▽ 0 : C q,1 + \ {0} → (0, 1) be a positive map. For any ǫ > 0 and any finite subset F ⊆ C, there exists δ > 0, γ > 0, a finite subsets G ⊆ C, P ⊆ K(C), a finite subset Q = {x 1 , x 2 , ..., x m } ⊂ K 0 (C) which generates a free subgroup and
, where p i , q i ∈ M n (C) (for some integer n ≥ 1) are projections and there exists a finite subset H ⊂ C 1 + \ {0} satisfying the following: Suppose that A is a unital simple C*-algebra with T R(A) ≤ 1, ϕ : C → A is a unital homomorphism and u ∈ A is a unitary, and suppose that
and for all h ∈ H, and, for each One can also require that dist(u(t), CU (A)) < ǫ (e 3.23)
The following follows immediately from 3.7.
Theorem 3.8. Let C be a unital AH-algebra and let ▽ : C q,1 + \ {0} → (0, 1) be a non-decreasing map. For any ǫ > 0 and any finite subset F ⊆ C, there exists δ > 0, γ > 0, a finite subsets G ⊆ C, P ⊆ K(C), a finite subset Q = {x 1 , x 2 , ..., x m } ⊂ K 0 (C) which generates a free subgroup and
, where p i , q i ∈ M n (C) (for some integer n ≥ 1) are projections, and a finite subset H ⊂ C 1 + ⊂ {0} satisfying the following: Suppose that A is a unital simple C*-algebra with T R(A) ≤ 1, ϕ : C → A is a unital homomorphism and u ∈ A is a unitary, and suppose that
and all h ∈ H, and, for each One can also require that
with cel({u(t)}) ≤ 4π + ǫ. 
and for all h ∈ A + \ {0}.
Proof. Let
Then, since A is simple, ▽(ĥ) > 0. Now let ϕ : A → B be any unital homomorphism, ϕ : 
(e 3.28)
Proof. This follows from 3.8. In fact, it follows from the classification result in [8] that C is isomorphic to a unital simple AH-algebra with no dimension growth. Note C is simple. So 3.9 applies. In other words, ▽ can be given and (e 3.24) holds for this ▽. So 3.8 aplies.
Remark 3.11. Note that all paths {u(t)}, {w(t)} in this section can be made not only continuous but also piecewise smooth. Furthermore, if length({u(t) :
The C * -algebra C below is a unital AH-algebra with no dimension growth which has stable rank one by the classification theorem. Thus the next follows immediately from Theorem 3.13 in [15] . Theorem 3.12. Let C be a unital separable amenable simple C * -algebra with T R(C) ≤ 1 which satisfies the UCT and let G ⊂ K 0 (C) be a finitely generated subgroup generated by projections p 1 , p 2 , ..., p n ⊂ C. Let A be a unital separable simple C * -algebra with T R(A) ≤ 1. Suppose ϕ : C → A is a unital homomorphism. Then, for any ǫ > 0, any γ > 0, any finite subset F ⊂ C, any finite subset P ⊂ K(C), and any homomorphism Γ :
(e 3.32) 4 Kishimoto's conjugacy theorem
The following serves as an alternative for Kishimoto's stability theorem. The proof uses the special homotopy lemmas in the previous section and a construction due to Kishimoto. 
then there is a continuous path of unitaries
and for all t ∈ [0, 1], and
Moreover, a version for F = ∅ holds as follows: For any ǫ > 0 and u ∈ CU (A), there exists a continuous path of unitaries {U (t) :
be a finite subset and P 1 ⊂ K(A) be a finite subset and {p 1 , p 2 , ..., p m } ⊂ A be a finite subset of projections required by 3.10 for η = ǫ/2 10 (N + 1) 2 (in place of ǫ) and
and {q 1 , q 2 , ..., q K }, where {q 1 , q 2 , ..., q K } is a finite subset of projections in A which includes {p i , α j (p i ) : i = 1, 2, ..., m and j = ±1, ±2, ..., ±N } as well as 1 A . We may assume that F 1 ⊂ G. Let δ = min{ǫ,δ 1 } 2 10 (N +1) 3 and λ = λ 1 /2(N + 1). Now suppose that u ∈ U (A) which satisfies the assumption for the above δ, λ, G, P and {p 1 , p 2 , ..., p m }. Define
Then, we estimate, for x ∈ G 1 ,
(e 4.39)
Note that, by the assumption,
Moreover, we note that By applying 3.10, we obtain piecewise smooth and continuous paths of unitaries {u j (t) :
.., ±N, and j = 1, 2, ..., N + 1. Set v(t) = u N (t) and
.., N − 1, and w j (t) = w(
.., N − 1 and (e 4.53)
Let {e 1,0 , e 1,1 , ..., e 1,N −1 , e 2,0 , ..., e 2,N } be a family of mutually orthogonal projections in the definition of the Rokhlin property in 2.1 such that
e 2,j = 1, (e 4.55) e i,j y − ye i,j < ǫ/2 10 (N + 1) 2 for all y ∈ H, i = 0, 1, (e 4.56)
α(e 1,j ) − e 1,j+1 < ǫ/2 10 (N + 1) 2 , j = 0, 1, ..., N − 2 and (e 4.57)
.., N − 1 and (e 4.62)
for all t ∈ [0, 1] and for j = 1, 2, ..., N + i − 2, i = 0, 1. Define
(e 4.67)
One checks that, by (e 4.56), (e 4.65) and (e 4.66),
(e 4.69)
(e 4.70)
e 2,j = 1 (e 4.74)
Similarly,
(e 4.76)
One also checks that, if x ∈ F, by (e 4.56), (e 4.47), (e 4.50) and (e 4.45),
(e 4.79)
We have, by (e 4.57), (e 4.60), (e 4.56), (e 4.46), (e 4.51) and (e 4.56), 
(e 4.94)
Moreover, by (e 4.58), (e 4.62), (e 4.57) and (e 4.61),
= ue 1,0 α(e 2,N ) and (e 4.99)
In other words,
and (e 4.104)
(e 4.105)
By (e 4.88), (e 4.95), (e 4.104) and (e 4.105),
ue 2,j + ue 2,0 α(e 2,N ) (e 4.110) N ) ) (e 4.112)
and for all t ∈ [0, 1]. For last part (with F = ∅), we note that, in the above, u k ∈ CU (A), k = 0, 1, ..., N + 1. Note that in this case, CU (A) ⊂ U 0 (A). Moreover, by [14] , cel(u k ) ≤ 2π, k = 0, 1, ..., N + 1. So V (t) can be constructed (without worrying about the set F). (1) If α • β −1 is asymptotically inner, then there exists a unitary u ∈ U (A) and a strongly asymptotically inner automorphism σ such that
(2) If α • β −1 is strongly asymptotically inner, then there exists a sequence of unitaries u n ∈ U (A) and a sequence {σ n } of strongly asymptotically inner automorphisms of A such that Proof. By the assumption there exists a continuous path of unitaries {v(t) :
(e 4.116)
By replacing β by Ad v 0 • β, without loss of generality, we may assume that v 0 = 1. Note, and it is important, that if α • β −1 is strongly asymptotically inner, then, one may always assume that v 0 = 1 without replacing β by Ad v 0 • β. Let {F n } be an increasing sequence of finite subsets in the unit ball of A such that ∪ ∞ n=1 F n is dense in the unit ball of A. We assume that 1 A ∈ F 1 . Let 1 > ǫ > 0. We choose t 1 > 0 such that
(e 4.117)
It follows from 3.12 that there is a unitary v ′ 1 ∈ U (A) such that
It follows from the last part of 4.1 that there is a unitary u 1 , w 1 ∈ U 0 (A) such that
be a finitie subset, P 1 ∈ K(A) (in place of P) be a finite subset and let {p 1,1 , p 1.2 , ..., p 1,p(1) } (in place of {p 1 , p 2 , ..., p n }) of A required by 3.10 for ǫ/4 3 (in place of ǫ) and F ′ 1 (in place of F) (with C = A and ϕ = id A ). We may assume that
Without loss of generality, we may also assume that
Moreover, we may further assume that
(e 4.125)
t ) * • α, we choose t 2 > 0 such that for any t ≥ t 2 ,
It follows from 3.12 again that there is v ′ 2 ∈ U (A) such that
Then
By the last part of 4.1, we choose u 2 , w 2 ∈ U 0 (A) such that
Then, by (e 4.129),
Moreover (see (e 4.126))
and (e 4.132)
be a finite subset, P 2 ∈ K(A) (in place of P) be a finite subset and let {p 2,1 , p 2.2 , ..., p 2,p(2) } (in place of {p 1 , p 2 , ..., p n }) of A required by 3.10 for ǫ/4 5 (in place of ǫ) and F ′ 2 (in place of F). We may assume that
into U (A)/CU (A), and Bott(id A , W )| P 2 is well defined, where W is any unitary in A such that [x, W ] < δ 2 for all x ∈ G 2 . Moreover, we may further assume that
(e 4.137)
It follows from (e 4.131) and (e 4.133), for x ∈ β −1 (G 1 ),
t (β 1 (x)) for all t ≥ 0 (e 4.138)
In other words, for t ≥ 0,
Therefore, by (e 4.128) and (e 4.139),
By the choices of δ 1 and
and (e 4.144)
By (e 4.139) and (e 4.141),
[y, z
t ] < δ 1 /4 for all y ∈ G 1 and for all t ≥ 0. (e 4.146)
Since z
by (e 4.146), (e 4.123), (e 4.128) and (e 4.142),
Furthermore, by (e 4.124),
(e 4.149)
(e 4.150)
It follows from (e 4.143) that
It follows from (e 4.145), (e 4.148) and (e 4.152), and by the choice of G 1 , P 1 , δ 1 , λ 1 and {p 1,j : 1 ≤ j ≤ p(1)}, by applying 4.1, there is a unitary u 3 , w 3 ∈ U (A) and a continuous path of unitaries {u 3 (t) :
Then, by (e 4.144),
(e 4.154)
Moreover (see (e 4.137)
t ) • β 3 and (e 4.155)
(e 4.156)
We now construct α 4 , w 4 and u 4 . Let
and (e 4.157)
(e 4.159)
(e 4.160)
It follows from (e 4.144) and (e 4.156), for
Therefore, by (e 4.162) and (e 4.139),
By the choices of δ 2 and 
(e 4.166)
and (e 4.167) Since z 
Furthermore, by (e 4.135),
(e 4.172)
(e 4.174)
It follows from (e 4.166) that 
(e 4.179)
We repeat this and obtain which satisfy the following:
(e 4.183)
Since [x, u n ] < ǫ/4 n for x ∈ F ′ n and 0 < ǫ < 1, we have, if m > k,
(e 4.185)
for all x ∈ F k 0 . Since γ n,0 is bounded and ∪ ∞ k=1 F k is dense in the unit ball, it follows that {γ k,0 (x)} is Cauchy for each
0 . So γ 0 is an automorphism. Define {W (t) : t ∈ [2, ∞)} as follows:
Note {W (t) : t ∈ [1, ∞)} is a continuous path of unitaries in A with W (2) = u 2 ∈ U 0 (A). Since u 2 ∈ U 0 (A), we may assume that W (t) defined on [1, ∞), with W (1) = 1 A . Then, by (1) above,
(e 4.186) Therefore γ 0 is strongly asymptotically inner. Similarly, γ 1 (x) = lim n→∞ γ n,1 (x) for all x ∈ A defines another strongly asymptotically inner automorphism on A. Define W 2,0 = w 2 and
We estimate that
It follows from the induction that 
Similarly, by (iv),
It follows from (v) and (vi) that the sequence β 1 , α 2 , β 3 , ... converges point-wisely. By (e 4.194) and (e 4.197) that the sequence converges to
Note that, since γ 0 and γ 1 are strongly asymptotically inner, so is γ
Moreover, if both γ 0 and γ 1 are strong asymptotically inner, so is γ
(e 4.201)
Moreover,
The theorem follows.
Projections in M n ⊗ Z
Define a continuous function h λ on [0, 1] as follows
The following is a refinement of Theorem 5.4 of [8] . We also have
Finally, we note that (e 5.207) and (e 5.206) imply that
Lemma 5.2. Let a ∈ Z be a non-zero element with 0 ≤ a ≤ 1. For any ǫ > 0 and 1 > η > 0, there is an integer N ≥ 1 satisfying the following: If n ≥ N, there is a projection E ∈ M n and a projection p ∈ A = EM n E ⊗ Z such that
where τ is the unique tracial state on Z and t is the normalized trace on M n .
Proof. Let 1 > ǫ > 0 and let 1 > η > 0 be any positive number. Define B = Q ⊗ Z, where Q is the UHF-algebra with (K 0 (Q),
and (e 5.217) It follows that
(e 5.222) 
where t 1 is the tracial state on
If n ≥ N, we may write n = dN 0 + r, where d ≥ N 0 ! and 0 ≤ r < N 0 . There is a projection E ∈ M n with rankE = dN 0 . Then
Put A = M n ⊗ Z. The proof above shows that there exists a projection p ∈ (E ⊗ a)A(E ⊗ a) such that
where t E is the tracial state on EM n E. Clearly p ∈ (1 Mn ⊗ a)A(1 Mn ⊗ a). We compute that
where t is the tracial state on M n . Note, by (e 5.222),
The following is not used in its full strength. When A has sufficiently many projections, for example, A has real rank zero, a version of the following is proved in [21] (Lemma 3.5 ). An early version of this can be found in Lemma 2.8 of [19] and may be traced back to the proof of Theorem 4.5 of [5] .
Lemma 5.3. Let A be a unital simple C * -algebra with T R(A) ≤ 1 and let e, f ∈ A be two projections such that 2τ (e) < τ (f ) for all τ ∈ T (A). Then, for any 1 > ǫ > 0, there exists a projection p ≤ f such that pe < ǫ, τ (p) > τ (e) and τ (p) > τ (f ) − τ (e) − ǫ for all τ ∈ T (A).
(e 5.229)
In particular, there is a partial isometry w ∈ A such that w * w = e, ww * ≤ f and w 2 < ǫ.
(e 5.230)
Moreover, one may requires that
Proof. Since T R(A) ≤ 1 and A has strict comparison (see 4.7 of [8]), we have two mutually orthogonal and mutually equivalent projections f 1 , f 2 ∈ A such that f 1 + f 2 ≤ f and f 1 is equivalent to e. Since A has property (SP) (see 3.2 and of [8] ), there are mutually orthogonal and mutually equivalent non-zero projections provided that 0 ≤ a, b ≤ 1 and a − b < η, where a, b ∈ A. We may assume that η < min{1, ǫ, δ/16}. If ef = 0, the lemma follows easily. So we assume that f ef = 0. Let δ = min{ǫ 2 /128, f ef /4, 1/4}. Since A is simple, there are x 1 , x 2 , ..., x n ∈ A such that n j=1
(e 5.235) Let M = max{ x i : 1 ≤ i ≤ n} and let
Since T R(A) ≤ 1, using F, one obtains a projection P ∈ A and a C * -subalgebra C ∼ = J j=1 M r(j) (C((I j ))) with 1 C = P and with r(j) ≥ N, where I j is either a point or I j = [0, 1], such that
(e 5.236) xP − P x < η/98(16M n) for all x ∈ F, (e 5.237)
where e ′ , f ′ i , f ′′ i , e ′′ are non-zero projections and
We may further assume that
for some y i ∈ C, i = 1, 2, ..., n, if we choose η ′ sufficiently small (depending only additionally on δ). We see that h δ (a) is invertible (in each summand of C). Let R(j) be the least rank of h δ (a) and R(j) ′ be the largest rank of h δ/2 (a) in f ′ M r(j) (I j )f ′ , j = 1, 2, ..., J. Note the rank of e ′ is at least R(j) ′ in j-th summand. So f ′ 2 has rank at most R(j) ′ in j-th summand. It follows from Lemma C of [1] that there is a projection q ∈ f ′ Cf ′ such that
(e 5.242) and the rank of q at each summand
(e 5.245)
We also have
It follows that
Now we count rank of p 1 . Since f ′ = 6 i=0 f ′ i and the rank of q in j-th summand is not more than that of f ′ 1 , f ′ 2 has the same rank as that of f ′ 1 which has the rank at that of e ′ at each summand of C, p 1 = f ′ − q has rank great than that of e ′ at each summand of C. So there is a partial isometry w 1 ∈ C such that w * 1 w 1 = e ′ and w 1 w * Note that 
(e 5.262)
We also have, (using (e 5.245 for (e 5.264)), pe < ǫ/8 + p 1 (e ′ + e ′′ ) = η/8 + p 1 e ′ < η/8 + ǫ/16 < ǫ and (e 5.263)
Finally, by the choice of η, one computes that
This completes the proof.
The following probably holds in much more general setting. Recall that a sequence {a n } is said to be central in A, if lim n→∞ a n b − ba n = 0 for all b ∈ A. Proof. We first note, by Corollary 8.4 of [13] , since T R(A) ≤ 1, A is Z-stable. Let {F n } be an increasing sequence of finite subsets of the unit ball of A such that ∪ ∞ n=1 F n is dense in the unit ball of A. Since {p n e n p n } is a central sequence for A, for each k, there exists n(k) such that
and for all n ≥ n(k), k = 1, 2, .... We may assume that n(k + 1) > n(k), k = 1, 2, .... Define a 1 = 1/32, a j = 1/32k 2 , if n(k) ≤ j < n(k + 1), k = 1, 2, .... Then {h an (p n e n p n )} is also a central sequence for A. For each n, defined y n = p n − h an (p n e n p n ). Then 0 ≤ y n ≤ 1, n = 1, 2, ..., and {y n } is a central sequence for A. By applying 5.3, one has a projection q n ∈ p n such that For n ≥ n(k), 
Existence of automorphisms with the Rokhlin property
The following fact will be used without further notices. In particular, if 1 > η > 0 and e ∈ A is a projection such that τ (e) < η for all τ ∈ T (A), then τ (α(e)) < η for all τ ∈ T (A).
(e 6.284)
Proof. This follows from the fact that τ • α is a a tracial state of A for all τ ∈ T (A).
Lemma 6.2. Let A be a unital separable amenable simple C * -algebra with T R(A) ≤ 1. Let α ∈ Aut(A) and σ ∈ Aut(Z) as defined in 2.8. Then α ⊗ σ has tracial Rokhlin property (see [20] ) Moreover, one has the following: Let k ≥ 2 be an integer. Let ǫ > 0 and 1/k > η > 0, let F ⊂ A ⊗ Z be a finite subset. There are mutually orthogonal projections
A). (e 6.287)
Proof. Note that, by Corollary 8.4 of [13] , A ⊗ Z ∼ = A. We may prove the part of the statement in the theorem after "Moreover" for F ⊂ A. Write Z = n∈N Z as an inductive limit of 1≤j≤n Z. To simplify notation, if necessary, without loss of generality, we may assume that F is in the unit ball of A 1≤j≤n Z. Put β 0 = α ⊗ ⊗ 1≤j≤n σ 0 . Note that β(x) = β 0 (x) for all x ∈ F. We will continue to use σ for σ| m≥n+1 Z and identify m≥n+1 Z with Z whenever it is convenient. Let 1/4k > η > 0. It follows from Proposition 4.4 of [22] that there are mutually orthogonal
where τ Z is the unique tracial state on Z.
Fix ǫ 1 > 0 with ǫ 1 < min{η, ǫ}. There is N given by 5.2 for f k and ǫ 1 /64k (in stead of ǫ). Define
It follows from 5.1 that there is a projection P 1 ∈ A 1 , a finite dimensional C * -subalgebra B 1 = M N with 1 B 1 = P 1 and a finite subset F 2 in the unit ball of A 1 such that
(e 6.289)
for all x ∈ F 1 and (e 6.290) yb = by for all x ∈ F 2 and b ∈ B 1 . (e 6.291)
(e 6.292) for all tracial state t on B 1 . Let D j be hereditary C * -subalgebra generated by 1 A ⊗ f j . Put β = β 0 ⊗ σ and put p k−j = β −j (p k ). Then p j ∈ D j and p 0 , p 1 , ..., p k−1 are mutually orthogonal and
(e 6.293)
Then t is the unique tracial state on B 1 . We also estimate that
) (e 6.296)
.297)
(e 6.299)
Finally, we note that since p k ∈ C 1 , for any y ∈ F 2 , p k y = yp k for all y ∈ F 2 . (e 6.300) Let x ∈ F. There is y ∈ F 2 such that
It follows that, for x ∈ F,
The proof of the following is based on, again, an argument of Kishimoto which was also further clarified in Lemma 4.3 of [21] . We state here for the case that A is not assumed to have real rank zero. We should notice that if α has the Rokhlin property then Ad u • α may not have the Rokhlin property in general. Lemma 6.3. Let A be a unital separable amenable simple C * -algebra with T R(A) ≤ 1, let α ∈ Aut(A) be an automorphism and let k ≥ 1 be an integer. Suppose α has the following property: there exists a central sequence of {p n } of projections {p n } of A such that 
1 , e
2 , ..., e
(1)
A be the C * -algebra product of infinite copies of A and c 0 (A) = ∞ n=1 A be the C * -algebra direct sum of infinite copies of A. Denote by A d = {(a, a, . .., a, ...) : a ∈ A}, a C * -subalgebra of l ∞ (A). Let q(A) = l ∞ (A)/c 0 (A) and let π : l ∞ (A) → c 0 (A) be the quotient map. It is standard that there are, for each n, mutually orthogonal projections {p j,n : 0 ≤ j ≤ k} such that Let w = π({w n }). Then w is a partial isometry in q(A) such that
It is important to note, since w 2 = 0, ww * π({q n }) = π({q n })ww * = 0. Since p 0,n , p 1,n , ..., p k−1,n mutually orthogonal and
(e 6.315)
(e 6.318)
Combining (e 6.316) and (e 6.317), we have ww * ≤ p 0,n . (e 6.319)
It follows that V (1 − E) = 1 − E. By (e 6.314), we also have
Since V (1 − E) = 1 E , we conclude that
j : 1 ≤ j ≤ k} is a set of mutually orthogonal projections. Therefore, we obtain, for each j, a sequence of projections e (1) j,n ∈ A such that e (1) j,n ≤ p j,n for all n, π({e
j , and j = 0, 1, 2, ..., k − 1 and e (0) k,n = q n , n = 1, 2, .... In particular, {e (1) j,n : 0 ≤ j ≤ k} is a set of mutually orthogonal projections for each n. Moreover,
(e 6.322)
j,n , j = 0, 1, ..., k − 1. By (e 6.322) and (e 6.311),
(e 6.323)
j,n = 1. (e 6.324)
Now, fix an ǫ > 0 and a finite subset F, the lemma follows by taking e (0) j,n , e
j,n and U n (t) for sufficiently large n.
Let
B k = k j=1 Z, the tensor product of k copies of Z. Denote C k = j≥k+1 Z. D n = n j=1 B j , n = 1, 2, ....
In what follows, we write
Theorem 6.5. Let A be a unital separable amenable simple C * -algebra with T R(A) ≤ 1 and let α ∈ Aut(A). Then there exists an automorphismα ∈ Aut(A) which has the Rokhlin property such that α andα are strongly asymptotically unitarily equivalent.
Proof. Since A ∼ = A ⊗ Z and Z ⊗ Z is asymptotically unitarily equivalent to Z, α and α ⊗ σ are strongly asymptotically unitarily equivalent. For each k, let {F n,k } be an increasing sequence of finite subsets of the unit ball of
We may assume, without loss of generality, that F n,k+1 ⊃ F m,k for all k and n ≥ m, and
Suppose that we have constructed two sets of projections {e (0) j,n,k }, j = 0, 1, ..., k − 1, and {e
n+k , x ∈ G n,k−1 and t ∈ [0, 1], (e 6.328)
j,n,k ) : i, j}, (e 6.329)
), where we identify
It is important to note that α ′ m,n 1 satisfies the assumption of 6.3 for k = n 1 , by applying 6.3 on α ′ m,n 1 , we obtain (e 6.325), (e 6.326),(e 6.327), (e 6.328) and (e 6.329) for k = n 1 + 1. By induction, we obtain (e 6.325), (e 6.326),(e 6.327), (e 6.328) and (e 6.329) for all k = n 1 + 1, if n 1 < n. If k = n 1 = n, we also set α ′ n+1,0 = α n,n and, as above, obtain {w n+1,1 (t) : t ∈ [0, 1]} with w n+1,1 (0) = 1 and
Consider the sequence of automorphisms {β m } as follows: α 1,1 , α 2,1 , α 2,2 , ..., α n−1,n−1 = α n,0 , α n,1 , α n,2 , ..., α n,n = α n+1,0 , α n+1,1 , ....
We will show that β m (x) is Cauchy for all x ∈ A ⊗ Z. In fact, if x ∈ G n,k−1 and m ≥ n > k, by (e 6.328),
m+k and if m = n = k, (e 6.330)
(e 6.331)
It follows that, with m ≥, k ′ , n and n ≥ k,
(e 6.332)
Since ∪ ∞ n=1 ∪ n k=1 G n,k is dense in the unit ball of A, we conclude that {β m (x)} is Cauchy for all x ∈ A.
Defineα(x) = lim m→∞ β m (x). It is an endomorphism. Similar to the above estimates as in (e 6.330) and (e 6.331), if x ∈ G n,k and m ≥ n > k, then
m+k and if n = k, (e 6.333)
(e 6.334)
(e 6.335)
Therefore {β −1 m (x)} is Cauchy for all x ∈ A. We obtain an endomorphismα
Thusα is an automorphism.
Fix k ≥ 1, ǫ > 0 and a finite subset F, by (e 6.326), there exists an integer
for all n ≥ n 1 . We may also assume that 1/n 1 < ǫ/4 and
j,n,k ) (e 6.337)
j,n,k ), (e 6.338)
j,n,k ) (e 6.339)
j,n,k ), (e 6.341)
n+k (e 6.342)
(e 6.343)
Thusα has the Rokhlin property. To showα is asymptotically unitarily equivalent to α ⊗ σ, define w(t) as follows:
where we identify w n+1,0 (t) = w n,n (t) for t ∈ [0, 1]. Note that {w(t) : t ∈ [0, ∞)} is a continuous path of unitaries in A ⊗ Z. It follows from (e 6.328) that
(e 6.346)
Since w n,k (0) = 1, we conclude that w(0) ∈ U 0 (A). Thereforeα and α ⊗ σ are strongly asymptotically unitarily equivalent.
7 Classification of automorphisms with Rokhlin property Definition 7.1. Let A be a unital separable amenable C * -algebra which satisfies the UCT. At the present, we also assume that A has stable rank one and simple. Let KK −1 e (A, A) ++ be the subset of those elements κ in KK(A, A) which is strictly positive, i.e., κ( (κ([p]) )) for all projections p ∈ M ∞ (A) and τ ∈ T (A). Let γ * : Aff T (A) → Aff T (A) be the continuous affine isomorphism induced by γ, i.e.,
and for all τ ∈ T (A). If γ is compatible with κ, denote by
the isomorphism induced by γ * . We say λ is compatible with κ, if λ maps
is the quotient map. We say the triple (κ, γ, λ) are compatible, if γ and λ are compatible with κ and∆
is the de la Harp and Skandalis determinant.
Denote by KKU T −1 e (A, A) ++ the set of all compatible triples (κ, γ, λ).
is the affine isomorphism induced by ϕ and defined by ϕ T (τ )(a) = τ (ϕ(a)) for all selfadjoint elements a ∈ A and for all τ ∈ T (A), and where ϕ ‡ : U (A)/CU (A) → U (A)/CU (A) is the isomorphism induced by ϕ and defined by ϕ ‡ (ū) = ϕ(u) for all unitraies u ∈ U (A). Therefore there is a map K : Aut(A)
There is a homomorphism R ϕ,ψ :
, there is a splitting short exact sequence
We will also use R ϕ,ψ for the induced map R ϕ,ψ : K 1 (A) → Aff(T (A)). See, for example, Definition 3.2 of [12] for details. Let R 0 ⊂ Hom(K 1 (A), Aff T (A)) be the subset of those η for which there is a homomorphism h :
We now assume that K(ϕ) = K(ψ). Then, by Lemma 9.2 of [12] ,
Denote by R ϕ,ψ the element in Hom( Proof. We have proved "(2) ⇒ (1)" in 4.2. That of " (2) ⇔ (3)" follows from Theorem 7.2 of [12] . Now assume that α and β are strongly cocycle conjugate. Then there is a unitary u ∈ U (A) and a strongly asymptotically inner automorphism σ such that α = Ad
Since σ is (strongly) asymptotically inner, there is a continuous path of unitaries {u(t) : t ∈ [1, ∞)} ⊂ A such that
It follows that β • σ is (strongly) asymptotically unitarily equivalent to β. Similarly σ • Ad u * • α is asymptotically unitarily equivalent to α (note that u * may not be in U 0 (A)). Therefore α and β are asymptotically unitarily equivalent. This proves that " (1) ⇒ (2)".
The following also follows from 4.2. 7.5. Let α , β ∈ Aut R (A)/ ∼ scc be two elements represented by automorphisms α and β with the Rokhlin property. One can define a multiplication by α • β = α • β , where α • β is an automorphism with the Rokhlin property which is strongly asymptotically unitarily equivalent to α • β given by 6.5. By 4.2, it is well-defined. This makes Aut R (A)/ ∼ scc a group with the identity represented by an asymptotically inner automorphism which has the Rokhlin property. Similarly, Aut R (A)/ ∼ saucc is also a group with the identity represented by a strongly asymptotically inner automorphism which has the Roklin property.
If
This makes KKU T −1 e (A, A) ++ a group. Let α, β ∈ Aut(A). Then
Thus, by 7.3, K gives a group homomorphism from Aut R (A)/∼ scc into KKU T −1 e (A, A) ++ .
Theorem 7.6. Let A be a unital separable simple amenable C * -algebra with T R(A) ≤ 1 which satisfies the UCT. Then one has the following short exact sequence of groups :
Proof. Theorem 6.5 shows that every automorphism α ∈ Aut(A) is strongly asymptotically unitarily equivalent to an automorphism in Aut R (A). Thus the theorem follows from this, Theorem 7.3 and Corollary 9.10 of [12] .
Definition 7.7. Let G 0 be the subset of all those elements which are cocycle conjugate to some asymptotically inner automorphisms which have the Rokhlin property. LetḠ 0 be the image of G 0 in Aut R (A)/ ∼ scc . Suppose that α, β are two automorphisms with the Rokhlin property whose image in
, where δ 1 , δ 2 are asymptotically inner automorphisms with the Rokhlin property, u, v ∈ U (A), σ 1 and σ 2 are asymptotically inner automorphisms. Consider α • β. Then
which is strongly asymptotically unitarily equivalent to Ad
•Ad v * is strongly cocycle conjugate to δ 1 . It follows that α•β ∈ G 0 . This shows that G 0 is a subgroup. Clearly it of a normal subgroup. It is also clear that (Aut R (A)/ ∼ scc )/G 0 = Aut R (A)/ ∼ cc . This also implies that Aut R (A)/ ∼ cc is a group with the identity is the class of asymptotically inner automorphisms with the Rokhlin property.
Theorem 7.8. Let A be a unital separable simple amenable C * -algebra with T R(A) ≤ 1 which satisfies the UCT. Then there is a short exact sequence of groups:
(e 7.352) 
, then, by the proof of Lemma 10.4 and 10.5 of [12] , Ad v(1) * • β is strongly asymptotically unitarily equivalent to β. But, form the above, Ad v(1) * • β is strongly asymptotically inner. It follows that β is strongly asymptotically inner. Therefore β and α are strongly cocycle conjugate and uniformly approximately conjugate.
So far, we have shown that U is injective. Choose any unitary w ∈ U (A), by 6.5, there exists an automorphism γ with the Rokhlin property which is strongly asymptotically unitarily equivalent to Ad w • α. Therefore γ is asymptotically inner. Then U(γ) = Q([w * ]). This implies that U is an isomorphism. 
Moreover,
and there is a short exact sequence:
Definition 7.10. Let A be a unital separable simple amenable C * -algebra with T R(A) ≤ 1. We assume that the following short exact sequence splits:
Consider the short exact sequence:
Note that
is divisible. Therefore the above short exact sequence splits. Denote by s uc : U (A)/CU (A) → U (A)/DU (A) a fixed splitting map for (e 7.360). Consider the short exact sequence:
Note also that
is a divisible group. Therefore the short exact sequence in (e 7.361) is also splitting. Denote by
when s f exists. In this case, we may view ϕ † is a homomorphism from F K 1 (A) and
which vanishes on Tor(K 0 (A)) and which induces a homomorphism ϕ † :
So, under the assumption on A, the map ϕ † is well-defined.
Let κ ∈ KK −1 e (A, A) ++ and γ : T (A) → T (A) be an affine homeomorphism which is compatible with κ. Denote by KKF T −1 e (A, A) ++ the set of triples (κ, γ, ζ), where ζ :
Denote byκ : K 1 (A)/Tor(K 1 (A)) → K 1 (A)/Tor(K 1 (A)) the isomorphism induced by κ. Define a product on KKF T −1 e (A, A) ++ as follows: We first consider the case that K 1 (A)/Tor(K 1 (A)) is free. Then where π 0 : M α,β 1 → A is the point-evaluation of the mapping torus at t = 0. Let u ∈ U (A) be a unitary. Let z ∈ U (M α,β 1 ) be a unitary such that z(0) = α(u) and z(1) = β 1 (u). Moreover, we may assume that z is peice-wise smooth. Define z 1 (t) = β 1 (u) * z(t) for t ∈ [0, 1]. Then z 1 is a continuous and peice-wise smooth with z 1 (0) = α(u)β 1 (u) * and z 1 (1) = 1 A . By (e 7.392), 1 2πi Put σ n = σ ′′ n • σ ′ . Theorem follows.
